A class of invariant states under de Sitter isometries is constructed in d-dimensional Conformal Field Theories from the universal sector of AdS/CFT dualities. These states extend the Mottola-Allen α-vacua to theories containing scalar primary operators of arbitrary scaling dimensions, and are proven to explicitly break conformal symmetry. Two-point correlators in these states are shown to satisfy a generalized spectral decomposition in terms of free massive propagators. It is also pointed out that the spectral decomposition of generic Euclidean correlators is known in the mathematics literature as Olevsky index transform, of which computational use can be made.
Introduction and summary
Quantum Field Theory (QFT) in an expanding spacetime is of central importance in modern theoretical cosmology, as it directly enters the physics of the early Universe. Thanks to the inflationary phase that the latter underwent, imprints of quantum phenomena having taken place in this early period are still measured today in the Cosmic Microwave Background [1, 2] .
Much effort has been invested into the exploration of QFT in de Sitter space (dS). It is a maximally symmetric curved spacetime that possesses as many isometries as Minkowski space. It can also be used to describe an exponentially expanding FLRW universe with flat spatial sections (k = 0) and positive cosmological constant, such that it constitutes a very natural cosmological toy model in which quantum field theory can be investigated. Although this framework provides computational simplifications, one is still facing issues of infrared divergences and secular terms coming from higher-loop corrections, in the perturbative approach to interacting theories. See [3, 4] and references therein. The story is however different if one considers theories with extra symmetries such as conformal symmetry (CFT) that allows non-perturbative results to be extracted. Obviously one can already infer much information about the conformal vacuum from non-perturbative flat space results as de Sitter space is conformally flat. As an example, the functional form of the renormalized stress-energy tensor can be computed exactly and reliable exploration of the backreaction problem may be performed. A series expansion away from conformality then provides a good starting point to study backreaction induced by more realistic interacting QFTs. See [5] and references therein. In the spirit of exploring non-perturbative physics of de Sitter CFTs, techniques relying on holography 1 started being applied in recent years following the early work of Hawking, Maldacena and Strominger [7] . A sample of holographic studies, such as Schwinger pair production in de Sitter CFTs, includes [8] [9] [10] [11] [12] [13] [14] [15] [16] .
Already in the late sixties Chernikov and Tagirov discovered that free massive QFTs in de Sitter space admit a whole family of de Sitter-invariant vacua [17] which were subsequently studied by Mottola and Allen [18, 19] . We will refer to these states as Mottola-Allen (MA) vacua or α-vacua. For a nice group theoretic construction of these non-trivial vacua, see [20] . Whether α-vacua are physically relevant is still the subject of debates. It is often argued that for cosmological purposes the most natural one is the Euclidean/Bunch-Davies vacuum (or conformal vacuum in the case of the conformally coupled scalar) in which positive frequencies are defined with respect to a free falling observer at early conformal time (see Appendix A). Futhermore the Euclidean vacuum is the unique Hadamard state among the whole family, which makes it the rightful vacuum of the theory according to algebraic approaches to QFT [21, 22] . However, in the context of non-equilibrium QFTs, α-vacua are argued to encode high-energy/irrelevant corrections to the initial state of the inflationary Universe [3, [23] [24] [25] [26] . They also play a central role in the development of the dS/CFT duality conjectured to describe quantum gravity in de Sitter space from a dual conformal field theory living on the asymptotic null boundaries I + /I − [27, 28] .
In this paper we extend the Mottola-Allen construction of de Sitter-invariant states to holographic CFTs having primary operators of arbitrary scaling dimensions above the unitarity bound, ∆ ≥ d/2 − 1.
2 These new states generically differ from the conformal vacuum and will be shown to break conformal symmetry. 3 We expect that a complete description 1 Holography, also called gauge/gravity duality or AdS/CFT, is in its weaker form a well-tested duality between classical field theories in spacetimes with asymptotic anti-de-Sitter geometry (AdS) and strongly interacting conformal field theories living on the AdS boundary whose intrinsic geometry is kept fixed. See [6] for a modern review. In the case of interest to us, the fixed boundary geometry where the CFT lives is de Sitter space. 2 The conformally coupled scalar is a particular case of scaling dimension ∆ = d 2 − 1 that actually saturates this bound. 3 One may wonder which states of the corresponding flat space CFT these are mapped to under conformal transformation from de Sitter to Minkowski space. Although we do not have an explicit answer to this question, they are guaranteed to break part of Poincaré symmetry in general. Indeed some of the generators of their ultraviolet properties, in line with the issues raised above, can be achieved with better mathematical control than in generic (non-holographic) QFTs. We leave this open for future works.
In the considered holographic CFTs, a primary operator O ∆ is dual to a classical massive field φ m ∆ in anti-de Sitter (AdS). As is it well-known, de Sitter-invariant states in free massive theories may be specified by an appropriate choice of initial positive frequency modes which is equivalent to a choice of initial conditions. For holographic CFTs, we extend this approach by looking at positive frequency modes of the dual classical AdS fields and discover a whole family of de Sitter-invariant CFT states. We call them α µ -states as they are characterized by a continuous set of complex parameters α µ ∈ C (one for each value of µ ∈ R + ). The holographic dictionary, which is reviewed along the text, is schematically represented in Figure 1 .
Choice of positive frequencies Quantum state |α µ In Section 2 we analyze the wave equation of a free massive scalar field φ in AdS d+1 dual to some primary operator in the boundary unitary CFT, and show that it can be decomposed on basis modes of the form
where ψ λ solves a radial Sturm-Liouville problem and χ k,λ is a de Sitter plane wave with effective mass m 2 λ = λ. Very interestingly, all masses from the principal series, explicitly broken by this new family of states (those not in the subalgebra so(1, d) ∈ so(2, d) associated to de Sitter isometries) are mapped to generators of the Poincaré algebra iso(1, d − 1). I thank Ben Craps for discussing this point. 4 A factorization of the AdS wave equation has also been uncovered in the context of the 'bubble of nothing', leading to similar discussions of inequivalent vacua [10, 29] .
2 /4, appear in this basis. On the other hand modes from the complementary series, m
2 /4, are forbidden as their associated radial part ψ λ is not normalizable in AdS. Holographic CFTs clearly select well-behaved oscillatory modes of the principal series rather than exponentially growing/decaying ones from the complementary series. Similar in spirit to the Mottola-Allen construction, appropriate choices of positive frequency modes for the dual AdS fields will lead to CFT "α µ -states" preserving de Sitter isometries. This invariance will be checked at the level of two-point correlators of primary operators. Earlier computations of two-point correlators in the unique conformal vacuum may be found in [8, 16, 30] .
As we describe in Section 3, expressions for two-point correlators in α µ -states obtained in Section 2 take the form of spectral decompositions on a basis of free massive de Sitter propagators of the principal series. 5 We therefore review in Section 3 the spectral decomposition of Euclidean two-point correlators studied by Bros et al [32] and relate it to a hypergeometric transform known in the mathematics literature as Olevsky index transform [33, 34] . We explain how our results generalize the spectral decomposition to two-point correlators evaluated in α µ -states. Those encode non-trivial initial conditions and therefore only exist in a Lorentzian theory. Using properties of the spectral decomposition, breaking of conformal symmetry by α µ -states will be apparent. As an aside, we emphasize that the Olevsky transform may provide computational and mathematical power in wider studies of de Sitter QFTs.
In Section 4 we comment on two other observables characterizing α µ -states : the stressenergy tensor expectation value and the entanglement entropy associated to cosmological horizons. Being purely geometrical quantities in the AdS dual picture, they take universal values among the family of α µ -states. We argue that this is in line with existing independent results applying to the conformally coupled scalar [35] . Earlier holographic computations of de Sitter entanglement entropies may be found in [7, 13, 36] .
In Section 5 we clarify some formal aspects of the dictionary. In particular, we give the correspondence between bulk and boundary operators, both in position and momentum space. Finally, in order to avoid any potential confusion, we comment on a formal but erroneous interpretation of α µ -states as the resulting states obtained by turning on sources for the composite operator O ∆ O ∆ , in the conformal vacuum. Indeed, this interpretation fails to be consistent and one should really consider α µ -states as part of different (orthogonal) Hilbert spaces, in a way analoguous to Mottola-Allen vacua [23, 24] .
We hope that the construction presented here can be used as a basis for further studies of holographic CFTs in de Sitter space, including those effects associated to α µ -states. Here we simply consider free scalar fields in the bulk of AdS, which are basic ingredients needed to study more specific holographic CFTs. Those generically contain various interacting bulk fields and we therefore expect the framework of time-dependent interacting QFT in curved spacetime to be of important relevance [25, 26] . We also note that although we focus on states preserving de Sitter isometries, most of the technology developped here can be used to describe completely generic initial CFT states, specified by choices of positive frequency modes in AdS.
Most of the technical details and computations are relagated to appendices where further useful information may be found.
Construction of invariant CFT states
Let's first describe the geometric set-up used throughout this work. The d-dimensional de Sitter spacetime dS d is most easily described by embedding in (d+1)-dimensional Minkowski space M 1,d with the constraint equation
From this it is obvious that its isometry group is the pseudorotation group SO(1,d). Denoting by l the de Sitter curvature radius, its line element is induced from M 1,d :
Similarly, AdS d+1 with unit curvature radius can be embedded in M 2,d through the constraint equation
This embedding in M 2,d is very natural in the holographic context as there is a direct connection to the CFT embedding formalism [37] . We identify a conformal boundary of AdS d+1 as a section of the light-cone in M 2,d defined through
Since we are interested in CFT in de Sitter space, we introduce a foliation of AdS d+1 , valid for X d+1 > 1, in terms of d-dimensional de Sitter 'slices' and we choose a specific section B d of the light-cone as anti-de Sitter conformal boundary:
where n α satisfies the de Sitter constraint equation (2) . Similarly to AdS/CFT with flat boundary [37] , the limit r → ∞ is interpreted as the location of the conformal boundary B d since X M → cosh r P M in this limit. The associated metrics on this patch and on the conformal boundary are
In order to use the holographic dictionary, we fix the value of the de Sitter curvature radius to l = 1/2. This comes naturally when expressing the AdS metric (8) in Fefferman-Graham gauge, ρ ≡ e −2r ,
and identifying the boundary metric on B d as lim
Dual description in AdS
As briefly exposed in the introduction, primary operators in holographic CFTs are dual to classical fields in anti-de Sitter space. For simplicity, we will restrict here to free massive scalar fields. We start by analyzing the Klein-Gordon equation for one such classical field,
and recall that the problem naturally factorizes into a radial Sturm-Liouville problem and a Klein-Gordon equation on the dS d slices [12] . 6 A similar structure was also uncovered in the AdS-CFT correspondence with flat boundary [31] . Using the foliation (6), equation (11) becomes
Applying variable separation φ(r, n) = ψ(r)χ(n),
we then have to solve the eigenvalue problems
Given solutions ψ λ , χ λ with eigenvalue λ, the general solution to (11) is constructed as linear combination λ c λ ψ λ (r)χ λ (n). One sees that (15) is nothing but the de Sitter KleinGordon equation for a free scalar field of mass m 2 λ = λ. Let's proceed by first solving the radial equation (14) . This is a Sturm-Liouville problem on R + with weight w(r) = sinh d−2 r. Performing the variable change z = cosh r ∈ ]1, ∞[ and defining
equation (14) becomes a Legendre equation:
Normalizable solutions (in the distributional sense) exist for µ ∈ R + . According to the value of the scalar field mass and following the standard discussion of [39] , we treat two main cases. First note that stability of the scalar field theory requires
[40], which we assume from now on. Solutions corresponding to Dirichlet conditions on φ at the conformal boundary B d are normalizable,
Here Q a b (z) is the associated Legendre function of the second kind. The scaling dimension of the dual CFT primary operator is
In the Breitenlohner-Freedman window m 2 BF ≤ m 2 ≤ m 2 BF + 1, solutions corresponding to Neumann boundary conditions are also normalizable,
In this case, the scaling dimension of the associated primary operator is
These normalizable solutions allow one to describe scalar primary operators O ∆ of arbitrary scaling dimension above the unitarity bound ∆ unitary ≡ d 2 − 1, as can be seen from (21) and (23) . A study of CFT operators with scaling dimensions below this bound can be found in [12] . To derive the proper normalization constant in (20) and (22), it has been necessary to make use of the orthogonality relation between solutions of this Sturm-Liouville problem. Although it is guaranteed to exist following from general Sturm-Liouville theory, the orthogonality relation associated to this specific problem was not known so far. We derive it in Appendix D. Let's turn to the second eigenvalue problem (15) , which is the de Sitter wave equation for a massive scalar field whose mass belongs to the principal series, m
2 /4. One can solve (15) in many coordinate systems and essentially all known results from free massive scalar fields in de Sitter spacetime may be used. Of particular interest is the existence of inequivalent vacua associated to distinct choices of initial positive frequency modes. See Appendix A for a review. One basis of positive frequency modes solutions to (11) is given by
which we label by the de Sitter wave vector k in analogy to (66), and by the mass parameter µ. The expression of the Euclidean/Bunch-Davies mode functions χ ,
One may guess that the choice χ
will lead to the unique conformal vacuum, and that other choices defined from (27) will lead to de Sitter-invariant states. We will check in Section 2.2 that this intuition is correct by looking at two-point correlators which will be manifestly invariant under de Sitter isometries. For obvious reasons, we will refer to the associated de Sitter-invariant CFT states as α µ -states. We emphasize that the main difference with the Mottola-Allen construction [17] [18] [19] is that we are looking at a scalar primary operator O ∆ of arbitrary scaling dimension ∆ and that the choice of positive frequency modes (initial conditions) is made at the level of the dual massive field φ in AdS. Thanks to the factorization (26) where free massive de Sitter modes χ µ, k explicitly appear in the dual AdS theory, we still retain much of our intuition about de Sitter physics. At a technical level, one has to treat modes from the entire principal series instead of the subgroup associated to some fixed mass. This means that for the Bogolyubov transformation (27) to be defined, a complex parameter α µ must be specified for each value µ ∈ R + .
We end this subsection with a derivation of bulk-to-bulk propagators of the AdS scalar field φ. Obtaining these is essentially equivalent to solving the theory. While in the Euclidean continuation of anti-de Sitter (EAdS) there is a unique propagator, this is completely different in Lorentzian signature. From a mathematical point of view, the reason is that there are normalizable waves in AdS that are square integrable near the boundary. Therefore there exists an infinity of AdS propagators that differ by linear superpositions of these normalizable modes. This does not happen in EAdS as there are no such modes. From a more physical point of view this variety of bulk propagators should reflect the variety of propagators in the boundary CFT such as Wightman, Feynman, retarded, as well as the existence of non-equivalent vacua of the theory [29, [42] [43] [44] . Bulk-to-bulk Wightman propagators are constructed as
where G dS αµ (n, n ; µ) has been recognized as the Wightman propagator of a free massive scalar field in de Sitter space with mass m 2 λ = λ (see Appendix A). For completeness we also present boundary-to-bulk propagators in Appendix E. They are useful holographic ingredients for computation of higher n-point correlators [45] .
Two-point correlators
What is the quantity dual to the Wightman function G AdS αµ (X, X ) in the boundary CFT? A first point to note is that it should also be labeled by a complex function α µ . Hence let us naively denote |α µ the associated CFT state in the boundary theory, such that each choice of function α µ would correspond to a different α µ -state. 9 Then, observables in the CFT such as Wightman two-point functions are computed from the renormalized on-shell action of the AdS field φ [44] or alternatively through the extrapolate dictionary [46, 47] . We simply give the result:
If one wants to compute other correlators such as Feynman or retarded ones, the procedure is completely transparent: one should have corresponding states and time-orderings on both sides of (31) . For definiteness we focus our analysis on Wightman functions. Using (20) (or (22) if ∆ is in the Breitenlohner-Freedman window) and (30), equation (31) is reduced to
These are manifestly invariant under de Sitter isometries, since the massive propagators G dS αµ (n 1 , n 2 ; µ) satisfy themselves this property (see Appendix A), and we conclude that α µ -states are de Sitter-invariant. Perhaps more interestingly, equation (32) expresses the twopoint function of a primary operator as linear superposition of free de Sitter propagators of masses from the principal series. This is usually referred to as a spectral decomposition. In the context of de Sitter QFTs, spectral decomposition properties of Euclidean propagators have been studied in [32] . In the next section we point out that it is simply related to the Olevsky index transform. Using this transform, we will argue that α µ -states explicitly break conformal invariance (except for the conformal vacuum).
3 Spectral decomposition and breaking of conformal symmetry
Spectral decomposition and Olevsky transform
It was shown by Bros et al [32] that Euclidean Wightman functions W E (n, n ) of any de Sitter QFT can be decomposed over the principal series, µ ∈ R + , of free massive Euclidean Wightman functions G dS E (n, n ; µ):
Moreover it was shown that the weight function ρ(µ) must be positive-definite. This equation is the de Sitter analogue of the Källen-Lehmann spectral decomposition in flat space.
Let's connect this decomposition with the so-called Olevsky transform [33, 34] . This is a unitary operation from
The transform and its inverse are given by (36) 10 A simple way to understand this decomposition theorem is by noting that free Wightman functions G dS (n, n ; µ) are solutions to the Sturm-Liouville eigenvalue problem
where x ≡ − 1+n.n 2 and the eigenvalue is related to the field mass by m Using expression (70) for the free massive Wightman function G dS E (n, n ; µ), it is straightforward to see that the spectral decomposition (34) is actually the inverse Olevsky transform of G dS E (n, n ; µ) as defined in (36) 
and ρ(µ) ∼ µ sinh 2πµf (µ).
Coming back to the holographic correspondence, we see that the holographic formula (32) is the natural extension of the spectral decomposition (34) to α µ -states Wightman functions : those decompose over corresponding Mottola-Allen Wightman functions G dS αµ (n, n ; µ).
The conformal vacuum
A two-point function satisfying conformal invariance has the form
Details of the derivation may be found in Appendix B. We omit i insertions but these can be reinstated easily from the discussion found in Appendix A. This two-point function has a well-defined Olevsky transform, meaning that we can decompose it on Euclidean propagators G dS E (n, n ; µ). Let's find the associated spectral weight, which amounts to performing its Olevsky transform. Using Lemma 2.1 of [34] and formula 6.412 of [48] , we get
One might have guessed that the choice χ
for positive frequency modes would correspond to the conformal vacuum. Indeed, with this choice and the use of (40) it is easy to check that equation (32) reduces to
We conclude that |E is the unique conformal vacuum. Moreover, since the theory in de Sitter space is related by a conformal transformation to the theory in flat Minkowski space (see Appendix A),
correlators in the conformal vacuum should be related through
One can check that this is indeed the case from the expression of O ∆ (x 1 )O ∆ (x 2 ) f lat given in [45] , including numerical constants.
Breaking of conformal symmetry
We turn to the case where the complex parameters are µ-independent and distinct from the conformal vacuum value, α µ = γ = −∞ for all µ ∈ R + . Using (73), expression of the two-point function (32) reduces to
The last term does not satisfy the matter conformal Ward identities presented in Appendix B and we conclude that generic α µ -states break conformal invariance. This was expected since we knew from Section 3.2 that conformally invariant two-point functions should be inverse Olevsky transform of (40) , meaning that their spectral decomposition should have G dS E (n 1 , n 2 ; µ) as kernel. It was already clear from (32) that this is not the case when α µ = −∞. We point out that breaking of conformal symmetry by α-vacua has also been observed in the context of N = 1 superconformal Yang-Mills theory on 4-dimensional de Sitter space in [41] .
We also consider a case where α µ is a function of µ. One interesting such example is an adaptation of in/out vacua introduced in [18] and studied in [27] in connection with the dS/CFT duality, to the case of holographic CFTs. We thus define CFT in/out vacua as α µ -states characterized by
In the context of [18] where a free massive scalar field in de Sitter space is considered, µ takes a single value. As emphasized several times, here we need to assign a complex parameter α µ for each value of µ ∈ R + . We have not been able to further reduce (32) in generality, as it is possibly some unknown distribution. However we can repeat the argument applied to constant α µ -parameter and conclude that in/out states must break conformal invariance.
For particular values of the scaling dimension ∆ and space dimension d the computation becomes tractable. For example, for d = 3 and ∆ = 1 one has
11 One should use (71) together with equation 8.754.3 of [48] .
The first contribution is equal to the conformal one, while the second contribution obviously breaks conformal symmetry. Very far away from the singularities n.n = ±1, both contributions behave as ∼ 1/n.n .
With the use of boundary-to-bulk and bulk-to-bulk propagators, one can go on and compute higher n-point correlators from Feynman-Witten diagrams. In Appendix F we illustrate how this works by computing three-point correlators in the conformal vacuum, finding agreement with the flat-space results and conformal symmetry altogether.
Stress-tensor and entanglement entropy
So far we considered correlators of primary fields as observables describing the family of de Sitter-invariant α µ -states defined implicitly from a choice of positive frequency modes (27) of the dual AdS fields. We have found that two-point correlators satisfy generalized spectral decompositions and that the holographically dual AdS theory encodes this information in a very natural way. In this section we discuss two other CFT observables : the stress-energy tensor expectation value and the entanglement entropy of the cosmological horizon. These have in common that their holographic dual is purely geometrical. Since the bulk geometry is empty AdS for all α µ -states, one is led to the conclusion that the only way holography can support a consistent description of α µ -states is if those observables are universal among the whole family. Fortunately this fact is supported by existing results applying to the conformally coupled scalar theory which we therefore use as a point of comparison. Let's review the status of each two observables.
The stress-energy tensor expectation value has been computed from holography in full generality in [49] and has been shown to agree with results from conformal field theory. In particular one can see that conformal anomalies are correctly accounted for. For concreteness we present it for de Sitter CFTs of dimension up to d = 4:
Here g (0)ij is the de Sitter boundary metric (9) and R (0) = d(d − 1)/l 2 is the associated curvature. Since no information about the AdS scalar field φ is needed in expressions (47)- (49), we infer that the stress tensor expectation value is the same in any α µ -state of the boundary CFT. In free de Sitter QFTs and in particular for the case of a conformally coupled scalar field, Mottola-Allen vacua also share this property as can be seen from equation (77) of Appendix A. There is therefore nothing surprising with this holographic result.
The entanglement entropy associated to some bipartition of the boundary theory is computed from the AdS bulk geometry as the minimal surface area whose intersection with the boundary is precisely the bipartition surface [50] . In Appendix G, we derive the de Sitter entropy arising from tracing out degrees of freedom living behind one inertial observer's horizon (cosmological horizon). This generalizes the computation of [7, 51] valid for d = 2, 4 to generic dimension d. The result exactly reproduces the well-known GibbonsHawking formula for de Sitter gravitational entropy [52] :
where Horizon dS d is the area of the cosmological horizon. As for the stress tensor expectation value, the derivation of this result only depends on the bulk geometry, which is empty AdS for all α µ -states. Entanglement entropies in Mottola-Allen vacua have been computed for free scalar theories in [35] . Rather interestingly, the analysis shows that these depend on the parameter α except when the mass of the field takes the conformally coupled value. It seems therefore consistent that entanglement entropies are universal among de Sitterinvariant states in holographic CFTs.
Aspects of operator and state dictionaries
In this section, we clarify some formal aspects of the dictionary. We start by giving the relation between bulk and boundary operators in position and momentum space. The bulk operator can be written aŝ
annihilates the bulk representation of the conformal vacuum,
It is known that one can extract the dual CFT operator O ∆ by pushing the bulk operator φ(z, n) to the boundary [46, 47] ,
Plugging (51) in (53) together with the mode solution (24), we get the formula for the annihilation part of O ∆ ,
Similarly to what is found in AdS-CFT with flat boundary [53] , one can obtain the "momentum space" version of (53), i.e. one can isolate creation and annihilation operators for independent modes by taking suitable transforms:
Here we applied a spatial Fourier transform on the operator η
, followed by a Kontorovich-Lebedev transform with respect to the comoving time variable v ≡ e iπ/2 | k|η. This relation will help in the following discussion.
A very natural question to ask is whether α µ -states are part of the Hilbert space constructed over the conformal vacuum? We present arguments that show that they do not. Very similarly to the context of Mottola-Allen vacua for free fields in de Sitter [27] , one can formally write |α µ as a squeezed state over the conformal vacuum,
where
Using the operator dictionary (55), one can alternatively find an appropriate representation in the boundary CFT,
The expression of J (αµ) (µ, k) can be worked out easily. From this formal expression, one could get the wrong impression that an α µ -state is generated from the conformal vacuum by sourcing the composite operators O
respectively. However, this identification is only
12 The Kontorovich-Lebedev transform and its inverse are given by [33] (
where K iµ is the Macdonald function. The derivation of (55) requires to use the orthogonality relation
formal. Because of the factor 13 in parenthesis in front of the exponential in (57), the operator S (αµ) is not unitary,
If taken seriously, i.e. if |α µ is assumed to be an excited state in the Hilbert space constructed over the conformal vacuum, formulas (56) and (60) would lead to the conclusion that |α µ it is not normalized. Even more, its norm would generically vanish. One should rather consider each α µ -state as part of a different (orthogonal) Hilbert space. Similar conclusions have applied to the usual Mottola-Allen vacua [23, 24] . Moreover, the fact that the dual bulk geometry associated to any α µ -state is pure AdS means that α µ -states should be interpreted as vacua for those orthogonal Hilbert spaces. 
A Propagators and vacua of free de Sitter QFTs
We review some well-known facts about free massive scalar theories in de Sitter space [1, 27, 54] . The defining equation of de Sitter was given in (2). We will mainly make use of the expanding (or conformal ) coordinate patch that covers half of de Sitter:
This patch is most suited to discuss conformal theories as it is manifestly conformal to Minkowski,
We denoted the de Sitter curvature radius by l. Note that many properties of the conformal vacuum can be obtained by a conformal transformation from Minkowski to the conformal patch of de Sitter. For later use we also give the expression of the invariant two-point variable under SO(1,d) isometries:
Mode solutions of the Klein-Gordon equation with mass m are of the form
with H (1) , H (2) the Hankel functions of first and second kind and
Notice the analogy with equation (17) . Fields with µ ∈ R + are said to be part of the principal series, and associated modes have oscillatory behavior. Fields with imaginary µ form the complementary series and their modes behave exponentially. For a free theory in curved spacetime, definition of a vacuum is equivalent to specification of positive frequency modes associated to annihilation operators. In the present case, one can choose any χ k (n) of the form (66) as positive frequency mode, subject to the normalizability condition
Often considered is the Euclidean (or Bunch-Davies) vacuum defined with respect to the normalized positive frequency modes
that behave as ∼ η d/2−1 e −ikη in the infinite past η → −∞ of the expanding patch. The Wightman function in this vacuum can be expressed in terms of a Gauss hypergeometric, an associated Legendre or a Gegenbauer function:
± iµ. We have explicitly indexed the Wightman function by the associated field mass parameter µ. The i prescription at coincident points n ∼ n is n.n −i sgn(η−η ). It is invariant under the connected part of SO(1,d) since it depends on the two-point invariant n.n and the time ordering only. The validity of this expression actually extends to the whole de Sitter space. Moreover one can check that upon analytic continuation to Euclidean signature η = iη E , it is the only regular solution to the Laplace equation on the sphere S d .
Including the Euclidean vacuum, there is a two-parameter family of vacua invariant under the connected part of SO (1,d) . These are the Mottola-Allen α-vacua and are related to the Euclidean vacuum by a Bogolyubov transformation of complex parameter α of the form (27) . For a treatment in global coordinates, see [18, 19, 27] . The associated Wightman functions are
where n A = −n is the point antipodal to n. From this expression, one can see that it is invariant under the connected part of SO (1,d) . Note that only α-vacua with real α are invariant under the full SO(1,d) isometry group [27] . In contrast to what has been concluded for long in the literature, our choice of normalization (see footnote 7) leads to a universal singularity at coincident points in the anti-commutator two-point function, irrespective of the α parameter. Indeed in the limit n ∼ n ,
α (n, n ; µ) ≡ G α (n, n ; µ) + G α (n , n; µ) (74) 1 e α+α * G E (n, n ; µ) + e α+α * G E (n , n; µ) + G E (n , n; µ) + e α+α * G E (n, n ; µ)
= G E (n, n ; µ) + G E (n , n; µ) = G
E (n, n ; µ).
This has important consequences for the computation of the renormalized stress-energy tensor in these vacua. Using renormalization by point-splitting [55] , one deduces that the renormalized stress-energy tensor is the same in any of the α-vacua:
For completeness we recall that Feynman and retarded Green functions satisfying
can be constructed from the Wightman function G as
B Conformal symmetry in de Sitter space
In this section we give a basic description of scalar conformal field theories in de Sitter space by applying the standard treatment of flat space [56] to the de Sitter case. Starting from the de Sitter geometry and its conformal group, we derive Ward identities that constrain n-point correlators in conformally invariant states.
Conformal Killing vectors
We look for the conformal Killing vectors µ that generate dS d conformal transformations. Since de Sitter space is conformally flat, we know that its conformal group is SO(2,d) as for M 1,d−1 . Leaving aside the isometry subgroup SO(1,d) ⊂ SO(2,d), we focus on the remaining d+1 generators of 'pure' conformal transformations. A coordinate transformation x µ (x ) = x µ − µ induced by a conformal Killing vector µ must satisfy g µν (x) = e ω(x) g µν (x), which infinitesimally reads
where L is the Lie derivative with respect to the Killing vector . Assuming ω(x) = 0 and contracting with the inverse metric g µν one obtains
We find d + 1 independent solutions to this equation parameterized by some constants a, b, c i , which we express in conformal coordinates (64):
This transformation induces a Weyl rescaling of the metric that at first order reads
The conformal Killing vectors (83), together with those generating de Sitter isometries, form a representation of the conformal algebra so(2, d).
Matter Ward identities
Fundamental to the description of de Sitter CFTs are primary fields, which transform in irreducible representations of the conformal group SO(2,d). For simplicity, we focus here on primary fields O ∆ (x) transforming trivially (scalars) under the de Sitter isometry group SO(1,d). These are simply characterized by their scaling dimension ∆. Under a conformal transformation x µ (x ) inducing a Weyl rescaling of the metric,
primary fields transform as
From this and (84) one can compute the first order functional variation of a scalar primary field in de Sitter space:
which we decompose as
If the theory is conformal, one can insert (89)- (91) into the Schwinger-Dyson equations satisfied by n-point correlators of primary fields in conformally invariant states:
This leads to a set of d + 1 differential equations satisfied by such n-point correlators, the matter conformal Ward identities. Together with SO(1,d) invariance, these differential equations completely fix the dependence of two-and three-point functions. For the twopoint correlator we have:
with C ∆ 1 some normalization constant. We stress that conformal symmetry forbids a term of the form
that could be obtained from (93) by replacing n 1 by its antipodal point n A 1 = −n 1 . Similarly for three-point correlators conformal invariance imposes
.
The interaction coefficient C ∆ 1 ,∆ 2 ,∆ 3 depends on the theory under consideration. We should point out that a symmetry of the classical theory can be altered at the quantum level by anomalies. However, for matter fields (by contrast to stress-energy) correlators, a conformal anomaly would modify the above functional forms at coincident points and for integer
only [57] . In this paper we omit these subtleties.
C dS conformal group from AdS isometries
Let's now show that AdS Killing vectors generate de Sitter conformal transformations on the conformal boundary B d . Bulk isometries are most easily described in embedding space M 2,d , as they act as pseudorotations. Killing vectors generating these pseudorotations simply are
Writing these in de Sitter foliation (6) and separating contributions from independent components of ω M N , (96) reduces to
One can readily see that (97) generate isometries on dS d slices, irrespective of the value of r. This is completely similar to the usual Poincaré slicing of AdS in which Lorentz transformations are realized on any slice, not only on the flat conformal boundary. In order to see the emergence of de Sitter conformal Killing vectors as one approaches the boundary r → ∞, we use conformal coordinates (64) on constant r slices. The components of (98) in these coordinates further reduce to
Taking independent combinations of the first two vectors and renaming the components of ω αd+1 , we obtain
As r → ∞ and upon comparison with (83), one sees that these Killing vectors generate conformal transformations on the boundary B d . Their action in the radial direction is non-vanishing, but this should be expected since CFTs on distinct conformally flat metrics should be holographically represented by distinct choices of AdS conformal boundaries in the bulk, or equivalently distinct sections of the light-cone in embedding space M 2,d . The radial action generated by (102)- (104) is therefore understood as moving the conformal boundary accordingly from one light-cone section to another.
D Orthogonality of Legendre functions
We present new orthogonality relations for associated Legendre functions P . The method presented here follows closely that of reference [58] . We will make use of the following identities [58, 59] :
Let's first restrict to ν > − . Using (105)- (106) it is shown that
Looking first at the limit z → ∞ and using (107), the first term gives
Using (108)- (109), the second term of (110) in the limit z → 1 gives
We conclude for the orthogonality of associated Legendre functions of the first kind:
Although we restricted to ν > − . From this and the relation between Legendre functions,
one finds the orthogonality relation for associated Legendre functions of the second kind:
In computing the orthonormality relation (25), we have used (115) with µ, µ > 0:
E Boundary-bulk propagators
In this appendix we explain how boundary-to-bulk propagators of a massive scalar field in AdS are obtained. Boundary-to-bulk propagators have to satisfy the following relation between bulk value of the field φ(X) and its imposed boundary value φ (d−∆) (n):
Using Fefferman-Graham coordinates X = (ρ, n) as defined in (10) and taking the limit ρ → 0 we see that consistency requires
One can expand equation (117) to higher order in ρ. At order ρ ∆ 2 this leads to a useful formula for the field vev:
Boundary-to-bulk can be derived from bulk-to-bulk propagators by taking one insertion point to the boundary. To show this we make use of Green's second identity:
Applied to ψ(X) = K(n , X) and φ(X) = G(X, X ), the left-handside is
while the right-handside is, assuming G to have leading normalizable behavior at the boundary,
From this we deduce
Consistency Check
Obtaining the expression of K AdS αµ (n , X) in closed form is in general difficult because of the µ integration in (30) that one should perform. As example and consistency check, we obtain a closed form expression for the boundary-to-bulk propagator in the conformal vacuum |E (α µ = −∞) and odd dimension d, by two independent methods: the first one consists in explicitly performing the mode summation (30) in the limit of (126); in the second one uses the well-known closed form of the unique propagator in EAdS and takes the limit (126). These expressions have to agree upon analytic continuation from Lorentzian to Euclidean signature. From the radial function ψ µ (z) given in (20) or (22) and the large argument limit of the Legendre function [59] ,
we have
We will make use of expression (72) for the de Sitter propagator as well as the two following formulas [48, 60] :
First we perform the µ integration,
Thanks to the delta distributions, integration over the t variable is trivial and we simply have to compute
Collecting the results, we end up with
The same expression can be derived from the well-know closed form of the Euclidean bulkto-bulk propagator in AdS d+1 ,
where ξ ≡ −X.X . Taking the limit (126) leads to (132).
F Euclidean three-point correlators
In this appendix we illustrate the computation of higher n-point correlators with the threepoint correlator of primary operators in the conformal vacuum. For this one should add a cubic vertex interaction of the form L AdS int = φ ∆ 1 φ ∆ 2 φ ∆ 3 in the bulk of AdS. This correlator is computed from the Feynman-Witten diagram shown in Figure 2 where the three Euclidean boundary-to-bulk propagators K AdS E associated to each bulk field meet at any bulk point (which is integrated over). See [45] for the flat boundary computation. For later use we define the invariant distance between two boundary points P 1 , P 2 ∈ B d :
The relevant quantity to compute is
The method we will use is completely parallel to the one presented in [61] and makes clever use of AdS isometries. Using Schwinger parametrization
contracting expanding Figure 2 : Feynman-Witten diagram representing the holographic computation of threepoint correlators in the boundary CFT. The three insertion points P 1 , P 2 , P 3 ∈ B d are in this case located in the contracting patch of the de Sitter boundary. The bulk interaction point X ∈ AdS d+1 is integrated in the bulk over global de Sitter slices (both expanding and contracting patches).
we then have to perform the AdS integral
with Q ≡ s 1 P 1 + s 2 P 2 + s 3 P 3 . Since Q 2 = − (s 1 s 2 P 12 + s 1 s 3 P 13 + s 2 s 3 P 23 ) < 0 for spacelike separated points P 1 , P 2 , P 3 ∈ B d , then Q is a timelike vector. 15 We express the bulk metric in de Sitter foliation (6) and contracting coordinates (64) on the slices. Using SO(2,d) symmetry we align Q to X 0 , Q = −|Q|e 0 , which implies
We still need to multiply the final result by a factor of 2 since the computation missed all contributions from expanding patches of bulk de Sitter slices. Indeed, even if all insertion points are located in the contracting patch of the boundary, points in expanding patches of dS slices located deeper in the bulk are still finite distance away. This can be seen from the scalar product X.P given in (133) where P is a point in the contracting patch of the boundary B d and X is a point in the expanding patch of any bulk slice. Therefore such intermediate bulk points where the interaction takes place also contribute to the threepoint function. See Figure 2 . Similarly to what has been discussed in Section 3.2, from [45] one can check that (143) is related to the flat space result by a conformal transformation (numerical factors included).
G De Sitter entanglement entropy
One computes the entanglement entropy associated to some bipartition of the boundary theory from the AdS bulk geometry as the minimal surface area whose intersection with the boundary is precisely the bipartition surface. This so-called Ryu-Takayanagi proposal [50] can be understood in a more general framework as bulk gravitational entropy [62, 63] . As an illustration, we derive the de Sitter entropy arising from tracing out degrees of freedom living behind one inertial observer's horizon (cosmological horizon). This generalizes the computation of [7, 51] valid for d = 2, 4 to generic dimension d. Note that this entanglement entropy is also identified with the boundary gravitational entropy whose value is given by the well-known Gibbons-Hawking formula [52] :
where Horizon dS d is the area of the cosmological horizon. As important ingredient we need to identify the effective boundary Newton constant G d from bulk quantities. Assuming the Fefferman-Graham gauge (10) and expressing bulk geometrical quantities in terms of the radial coordinate r and the transverse metric g ij , we can reduce the bulk Einstein-Hilbert action to
such that we identify the effective Newton constant G d as reproduces exactly the gravitational entropy of the cosmological horizon in the de Sitter boundary B d .
Next we turn to the computation of boundary gravitational entropy from bulk gravitational entropy. As exposed in [62] , if Hamiltonian time evolution does not succeed in generating a flow through a foliation of spacetime by constant time hypersurfaces, then a breakdown of unitarity occurs in the quantum theory and associated entropy is generated. This happens in particular when Killing horizons left fixed (in spacetime) under time evolution are present. The entropy is then given by the quarter area formula S = A/4G, where A is the Killing horizon area. Let's look at the coordinate system of one inertial observer called the static patch of de Sitter space, which is defined for u ≡ (n i n i ) 1/2 ∈ [0, 1] and n d > 0:
The inertial observer is located at u = 0, and there is a Killing horizon at u = 1 where the Killing vector ∂ t has vanishing norm. The observer horizon is left fixed under time evolution and from the quarter area formula one concludes that the associated gravitational entropy is indeed given by (146). What we want is to derive the same expression in terms of AdS bulk gravitational entropy. For this we need to find a spacelike hypersurface in AdS d+1 which is left invariant under the action of ∂ t . Thanks to the foliation (6), the answer is completely obvious: it is the union of spheres S d−2 of radius sinh 2 r that satisfy
See Figure 3 . Extending the static patch (152) throughout the bulk of AdS, this hypersurface is the union of cosmological horizons on each de Sitter slice. It has been proven in [63] that U (1)-invariant hypersurfaces must have minimal surface, which makes direct connection with the Ryu-Takayanagi proposal. For d = 4, it has indeed been checked that (153) satisfies the minimal area criterion [51] . 
we conclude that its area is
where ω d−2 is the volume of the unit sphere S d−2 unit . We conclude that the bulk gravitational entropy computed from the quarter area formula exactly reproduces the value of the de Sitter horizon entropy:
